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INTRODUCTION 
Bass, in his paper [4] on the study of Cohen-Macaulay local rings, 
introduces an invariant of such rings, called “the type,” that is the number of 
the irreducible components of an ideal generated by a system of parameters; 
clearly “type one” is the same as saying “Gorenstein.” Investigation on the 
algebraic and homological properties of this invariant were led next by 
various authors such as Matsuoka, Aoyama, Goto, Herzog and Kunz. 
Recently these researches have also been motivated by geometrical reason: 
there is a strict connection between “the type,” “the dualizing sheaf’ and 
“the canonical module” (see [8]). The aim of this paper is to compare the 
type r(x) of a point x on an algebraic variety V with the type of the tangent 
cone TV,, of V at x and, more generally, to study the behaviour of the type 
along a closed subvariety W of V, in connection with the normal cone IV,,,. 
and its fibers NY,W,x. 
In Section 0 the basic definitions and elementary and known results are 
developed. 
In Section 1 we show, under suitable hypothesis, that I(X) < T(T~,~) and if 
x E W, r(x) < r(N,,) (1.4). The techniques used in this section are 
algebraic in nature and principally concern properties of the regular 
sequences and the “leading forms” in the “form ring.” 
In the first part of Section 2 we study the type of the fibers of a flat 
morphism. This allows us to prove the permanence of the type to finite 
extensions of the ground field (2.5) and to deduce, also using “Hironaka’s 
isomorphism,” the equality r(T,,,) = r(N,,,,) (x E W’), in hypothesis of 
normal flatness (2.12). Finally we use these results to prove that if N,.,,. is 
Macaulay, and y is the generic point of W, then the equality r(y) = r(T, ,y) 
implies the equality r(x) = r(T,..,) for all x in a non-empty open subset of W 
(2.17). 
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In Section 3 we go further in the study of the equality r(x) = r(T,,,) and 
we show (3.8) that if x is an admissible Macaulay point of W singular for V 
and the generic point y of W is such that 
emdim(eV, ,) = e(&, Y) + dim(&, Y) - 1 
then T(X) = r(y) = ‘(TV,,) = r(T,,,) = r(NVlw,,) = e(@,,,) - 1. Our proof 
involves the study of the Hilbert polynomial of a l-dimensional local 
Macaulay ring, also using the theory of “the first neighbourhood” by 
Northcott [ 151. We note that the equality r(x) = r(T,,,) (under our 
hypothesis) is proved in [ 181 by a different technique. 
0. PRELIMINARIES 
All rings are supposed to be commutative, with identity and noetherian. In 
this paper we deal with k-affme algebraic varieties over an algebraically 
closed field k. Furthermore, if W s V is a closed subvariety of V and x is a 
point of V (not necessarily closed), we used the following definitions and 
notations: 
(9 Tv.x9 the tangent cone of V at X, is the k(x)-variety 
Spec(Gr 6V,X)), where PV,, denotes the local ring of V at x; 
6) NV,,, the normal cone of V along W, is the variety Spec(Gr,(A)), 
where A is the coordinate ring of V and Z is the ideal of A defining W, 
(iii) NYIW,XT the fiber at x of the canonical morphism f: N,,, + W 
induced by the injection A/Z + Gr,(A); 
(iv) V is normally flat along W at x E W iff is a flat morphism at x. 
V is normally flat along W if it is so at every point of W (see [7]). 
We recall now the definition of the type of a ring and some of its basic 
properties, which will be used throughout this paper. 
It is known that in a Cohen-Macaulay (CM for short) local ring A, the 
number of irreducible components of an ideal generated by a system of 
parameters is an invariant r(A) of the ring A and is called the type of A. We 
denote T(X) the type of a point x on an algebraic variety V: r(x) = T(@~,). 
Let (A, !DI, k) be a local ring with maximal ideal 9.X and residue class field 
k. Suppose that A is CM. Then 
(i) r(A) = dim, Ext,d(k, A), where d = dim,4 (see [8] and [ 14 I). 
In particular r(A) = dim, Ann(W) if dim A = 0. 
(ii) rf x, ,..., x, is an A-regular sequence in !Ul, then r(A) = 
M/(x, ,..., 4) 18, 1.221. 
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If !lJ E Spec(A) we have: r(AB) ( r(A) [S, Satz 6.161. This allows us to 
define the global type r(A) of a(not necessarily local) ring A as follows: 
r(A) = sup{r(A,), ‘Q E Spec(A)} = sup{@,), 9JI E Max(A)}. 
Furthermore it is easy to see that 
(iii) If S is a multiplicatively closed subset of A, then r(S- ‘A) < r(A). 
A graded ring R = ai,,, R, with exactly one homogeneous maximal ideal 
M is called an h-local ring. It is known that R is h-local iff R, is a local ring 
and, in this case, M = %R,, @ R, , where W, is the maximal ideal of R, and 
R, is the ideal of R generated by the forms of positive degree. Let R be a 
CM h-local ring and let R,w be the local CM ring with maximal ideal MR,. 
Then 
(iv) r(R) = r(R,w). 
This follows immediately from [ 11. 
(v) If dim R = 0, r(R) = dim, Ann M. 
(vi) If f, ,..., f, is an R-regular sequence such that fi is homogeneous 
for every i, then r(R) = r(R/(f, ,..., f,)). 
This follows from (iii) applied to the h-local rings R and R/(f, ,..., f,) and 
from (ii) applied to the local ring R,. 
Let (A, W, k) be a local ring and ‘u an ideal of A. Let R = Gra(A) = 
OnSO ‘u”p”+ ’ be the form ring of A with respect to ‘u. Then R is h-local 
with unique homogeneous maximal ideal M = %R/%@R + . For any ideal 2l 
of A, we denote %* the homogeneous ideal of R generated by the set of the 
leading forms of the elements of ?I. It is clear that 
(vii) W* = M. 
(viii) (Ann YJI)* G Ann(W*). 
The following result is of basic importance in this paper: 
(ix) Let 2l be an ideal of a ring A such that 2l is contained in the 
Jacobson radical of A and let R = Gr,(A). If R is CM, then A is also CM 
[ 10, Theorem 4.111. 
The inverse statement of (ix) is false, as the following example shows. 
(x) Let X be the curve of the three-dimensional ffine space over a 
field k (algebraically closed) defined by the equations x = t”, y = t’, z = t”. 
X is CM, but the tangent cone to X at the origin is not CM (see [ 171). 
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1. THE TYPE T(X)OF A POINTX OF AN ALGEBRAIC VARIETY VAND THE 
TYPE ~(T,,,)oF THE TANGENT CONE OF VAT x 
The aim of this section is to prove the following theorem: 
THEOREM 1.1. Let A be a ring of dimension d > 0 and let ‘2[ be an ideal 
contained in the Jacobson radical of A such that the form ring R = Gr,(A) is 
a CM ring and a flat A/%-module. Then r(A) < r(R). In particular, tf R is 
Gorenstein, then A is Gorenstein. 
First we prove 1.1 in the local situation, by a reduction to the special case 
where ‘u is an m-primary ideal (see 1.3). We will conclude the section with a 
geometric interpretation of our result (see 1.4). 
We begin with the following lemma, which generalizes Proposition 1.4 and 
Corollary 1.5 of [ 3 ]. 
LEMMA 1.2. Let R = R, OR, be an h-local graded ring. Assume 
(R,, VI,,) is an Artin local ring and let ‘?I be a homogeneous ideal of R such 
that gr(%) = m > 1 (gr(%) denotes the grade of U). Then we have 
(a) there exists in ‘u an R-regular sequence consisting of m 
homogeneous elements, 
(b) all maximal homogeneous R-sequences of ‘u have the same length 
m. 
Proof. (a) First we note that M = 9X,, OR + is the only homogeneous 
prime ideal of R which contains R + and that M is not associated to (0) since 
gr(M) > 1. We prove the result by induction on m. Assume m = 1. All 
homogeneous prime ideals associated to (0) ‘$3 I ,..., $3, are not irrelevant and 
since gr(2I) = 1, U e (Jy=, 13,. Thus it follows from [ 12, Lemma 2] that the 
set of homogeneous elements of ‘u is not contained in uy= 1 Vi. Now as in 
[ 3, Proposition 1.41 we get our assertion. 
(b) The proof is the same as in [3, Corollary 1.51. 
PROPOSITION 1.3. Let (A, !JJI, k) be a local ring of dimension d > 0 and 
let D be an W-primary ideal of A. Suppose that the form ring R = Gr,(A) is 
CM, then 
Proof. We divide the proof in two steps. 
Case (1). Assume dim A = 0. Then Q” = 0 for some positive integer n. 
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Put VI=Ann!UI and 21’=Ann(!DI/Q@R+)=@i>021;. Consider the 
following chain of ideals: 
It is easy to see that there exists a k-linear map 9.I n Q/a 17 Q’+ ’ -+ ‘%[ 
which is injective for all i > 0. Therefore, it follows from O(i) and O(v) that 
r(A) = dim,2I = c dim,% n &?/‘2.l n Cl’+’ 
i=O 
n-1 
< c dim,M: = dim,%’ = r(R). 
i=O 
Case (2). Assume dim A = d > 0. Since R is CM and dim R = dim A, 
there exists by 1.2 an R-regular sequence f T,..., f,* consisting of 
homogeneous elements which are the leading forms off, ,..., fd in YJI. Then it 
is known that f, ,..., fd are an A-regular sequence and vi,..., fJ* = 
(f T,..., f 2) (see [2 I, 2.4, 2.7)). Therefore, applying the first step of our proof 
to the O-dimensional local ring A/(& ,..., fd), we obtain 
r(A) = rW(f, ,...,fd)) < Or~cf ,,.... rd,(Nf, ,..dJ)) 
= Oltf T,...,f $1) = r(R), 
where the first and the last equalities follows from O(ii) and O(vi). 
Proof of 1.1. We divide the proof in two steps. 
Case (1). We assume that A is a local ring of maximal ideal !UI. Put r = 
ht 9I. Since A is CM, there exists an A-regular sequence u, ,..., a, in 2I and 
there are elements b, ,,.., b, in rXn such that a, ,..., clr, b, ,..., b, form a system of 
parameters, where r + t = d. Put b = (b, ,..., b,). Since dim A/‘U + 23 = 0, it 
follows that ‘?I + ‘13 is an VI-primary ideal of A and also % + 6/B is an 
9JI/b-primary ideal of A/B. As in 1211, we see that bt,..., b? is an R-regular 
sequence. It follows that ‘ff* = (b:,..., b:), hence Gr~(A~/~* is CM and by 
1.3 r(Gr,(A)/B*) =I: ‘(Gr,,,,, (A/B)) > r(A/d). Finally, using O(ii) and 
O(vi) we get the conclusion. 
Case (2). We observe that we have Gr~~~(A~)~ Gr~~)~~~~(~/~)~~ 
for every maximal ideal %R of A. Then Grll,,(AFm) is CM and r(Am) < 
r(Gr,,(Am)) by the first step. Then the assertion follows from O(iii). 
COROLLARY 1.4. Let V be an algebraic variet.y and Zet W be a closed 
subvariety of V. 
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(i) Zf x is a closed point of V such that T,., is CM, then x is CM and 
r(x) < GA 
(ii) Zf x is a point of W such that V is normallyflat along W in x and 
N v,w is CM, then x is CM and r(x) < r(N,,,). 
We note that the inequality of Corollary 1.4(i) may be strict, as the 
following example shows. 
EXAMPLE 1.5. Let X be the curve of the three-dimensional ffine space 
over a field k (algebraically closed) defined by the equations x = t’, y = t6, 
z = t9. X is a complete intersection, and has an isolated singularity at the 
origin. However, the tangent cone to X at the origin is CM but not a 
complete intersection (see [5] and [ 171). 
2. THE TYPE OF THE FIBERS OF A FLAT MORPHISM 
The aim of this section is to compare the type r(TY,x) of the tangent cone 
T,,, of an algebraic variety V at one of its points x and the type r(N,,,,) of 
the fibers of the normal cone at x (2.12). 
We obtain our result using basic facts on normal flatness and studying 
some properties of the fibers of a flat homomorphism (2.2, 2.5, 2.9). At the 
end of the section Proposition 2.16 is an application of the above results. 
The following theorem, due to Herzog and Kunz [8], is of basic impor- 
tance. 
THEOREM 2.1. Let (A, YJI), (B, 9I) be CM local rings and f: A -+ B be a 
flat local homomorphism. Then 
r(B) = r(A) r(B/!lJIB). 
Proof. See [8, Satz 1.241, putting M = A. 
COROLLARY 2.2. Let f: A + B be a jlat homomorphism of rings and let 
B be a CM ring. Then for all ‘p E Spec A, B @A k(Y) is either the zero ring 
or is CM and r(B 0, k(v)) < r(B). 
Proof. There is a canonical homeomorphism between Spec(B Oa k(q)) 
and the set of the prime ideals of B lying over ‘p. If P* is a prime of 
B aA k(Y), let P be the corresponding prime of B. Since PC = ‘4, f induces a 
faithfully flat ring homomorphism: f ‘: A, + B,. Then, by [ 15, 21.C 
Corollary 11, A and B @,, k(q) are CM rings and by (2.1) we have 
r(Bp) = r(4) r(Bp Oa, WY)) = r(Ap) r(B OA k(r))),+. 
The result follows. 
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DEFINITION 2.3. We say that a ring homomorphism f: A -+ B is 
Gorenstein if f is flat and all the non-trivial fiber rings off are Gorenstein 
rings. 
The following result is also a corollary of Theorem (2.1). 
COROLLARY 2.4. Let f: A + B be a Gorenstein homomorphism. The 
following statements hold: 
(i) rf !I3 =f -‘(a) for Q E Spec B, then B, is CM and r(B,) = n iff 
A, is CM and r(A,) = n 
(ii) Iff is faithfully flat, then B is CM and r(B) = n iSfA is CM and 
r(A) = n. 
Proof: (i) With the same argument as in the proof of 2.2, we get r(B,) = 
r(A,), since the fiber ring of f’ over the maximal ideal ‘QA, of A, is 
isomorphic to a localization of the fiber ring off over ‘Q and hence it is a 
Gorenstein local ring. 
(ii) If f is faithfully flat, then the canonical map Spec B -+ Spec A is 
surjective, and hence (ii) follows from (i). 
COROLLARY 2.5. Let k be afield, A a CM overring of k, K ajinitejield 
extension of k. Then 
r(A) = r(A Ok K). 
ProoJ: Clearly f: A -+ A Ok K is faithfully flat. Moreover for any Cp E 
Spec(A) the fiber ring off over !# is K @I~ k(g), hence it is a Gorenstein ring 
by [22, Corollary 2 of Part I]. Thus f is Gorenstein and faithfully flat, and 
the conclusion follows from 2.4(ii). 
Now we recall the geometric and algebraic definition of “admissible” and 
a basic result on flatness due to Hironaka. 
DEFINITION 2.6. Let V be an algebraic variety, W a closed subvariety of 
V and let x be a point of W. We say that x is an admissible point of W iff V 
is normally flat along W in x and x is a simple point for W, we say that W 
is admissible iff all its points are admissible. 
DEFINITION 2.7. Let A be a ring and let B be an ideal of A. We say that 
‘11 is admissible in A iff Gr,(A) is a flat A/%-module and A/U is regular. 
THEOREM 2.8 [9, Chap. II, Proposition 11. Let (A, !UI, k) be a local ring 
and 8 an admissible prime of A. Then there exists the following isomorphism 
of k-graded algebras : 
Grm(A) N (Grg(A) &,n k) 01, k[ T, ,..., Td], where d = dim A/73. 
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LEMMA 2.9. Let (A, YJI, k) be a local ring, ‘11 an ideal of A, R = Gr,(A) 
the form ring. If R is a CM ring and a flat A/‘%-module, then r(R) = 
r(R Oa, ‘21 4 rW’W 
Proof We consider the natural homomorphism f: A/U -t R,,,, where 
M=%XfI/U@R,. We note that the fiber ring of f over am/% is the 
localization of the h-local ring R aA,% k at its homogeneous maximal ideal 
R + @A,a k. Then, since f is faithfully flat, A/U and R @,,,% k are CM rings 
[ 15, 21.C, Corollary 11. 
By O(iv) and 2.1 we can conclude 
0) = @,,,I = r(AIW r(&, Oa,a k) = WV @ 04,% k). 
Remark 2.10. With the same notations as in 2.9, we note that, if ‘?I is 
admissible, then: r(R) = r(R aA,% k). 
PROPOSITION 2.11. Let (A, 93, k) be a local ring and let rP be an 
admissible prime of A. The following statements hold: 
(a) the ring Gr,(A) is CM zff the ring Gr,(A) is CM 
(b) if Grm(A) (or equivalently Gr,(A)) is CM, then r(GrSn(A) = 
WWA 1). 
Proof. By (2.8) Gr,(A) is CM iff Gr,(A) @a/Y k is CM. Then, with the 
same argument as in the proofs of the above lemma we have assertion (a). 
Statement (b) follows from 2.8 and 2.10 and from [ 14, Proposition 11. 
The following corollary is the geometric interpretation of the above 
proposition. 
COROLLARY 2.12. Let V be an algebraic variety, W a closed, reduced 
and irreducible subvariety of V, and let x be an admissible point of W. The 
following statements hold: 
(a) T,.,, is CM tff NV,,., is CM. 
(b) if T,,, (or equivalently N,.,,,,) is CM, then r(T,,,) = r(N,,,...,). 
In the last part of this section, we get some results concerning the “n- 
Cohen-Macaulay locus” as an application of the above facts. 
DEFINITION 2.13. The n-Cohen-Macaulay locus of A, denoted by 
&&(A), is the subset {‘Q E Spec(A), A, is CM and r(A,) < n} of Spec(A). 
The next corollary shows that the property of having open n-Macaulay 
locus is preserved by a Gorenstein ring homomorphism. 
COROLLARY 2.14. Let f: A -+ B be a Gorenstein ring homomorphism. 
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(i) If &JA) is open in Spec(A), then &JB) is open in Spec(B). 
(ii) If%&,,(B) is open in Spec(B) and f is faithfully flat over A, then 
&&(A) is open in Spec(A). 
Proof: (i) if pa-&A) is open in Spec(A), then there is an ideal ‘8 of A 
such that Spec(A) - pnn-cM(A) = 7-((u). Now, by 2.4(i), it is not difficult to 
see that Spec(B) - F!&,,(B) = Y(2IB), from which the conclusion follows. 
(ii) If %&(B) is open in Spec(B), then there is an ideal B of B such 
that Spec(B) - F&cM(B) = F(8). N ow, by using the same argument as in 
[ 19, Theorem 3.l(ii)] and O(iii), we can easily see that Spec A - &-,&I) = 
Y( f-‘(s)). The result follows. 
NOW we can obtain a result (2.16) which has connections with the 
question mentioned in the Introduction about the equality between the types 
of a point of an algebraic variety and its respective tangent cone. We need 
the following lemma: 
LEMMA 2.15. Let f: A + B be a flat ring homomorphism. Assume A is a 
Gorenstein domain, K its field offractions and B is a CM ring, homomorphic 
image of a Gorenstein ring. Put r,, = r(B aa K). Then there is a non-empty 
open subset Z! of Spec(A) such that the following inequalities hold: 
r(B @‘LA I@)) < r,, for every !Q E Fl?/, ifB aa k(l))) is non-zero. 
Proox In [ 111 it is proved, under our hypothesis on B, that the subset 
v ro-CMW = P E SpeW, r(Bd < rol is open in Spec(B). Thus there 
exists an ideal b of B such that Spec(B) - grO.cM(B) = Y(8). Put g = 
Spec(A) - Tdf-‘(23)). 
Now we show that r(B @A k(q))) < r,, for every Y E %. 
Let ‘$ E Z’ and let P be a prime ideal of B lying over ‘Q. Clearly 
P E Spec B - Y(B), thus r(B,,) ( ro. With the same argument as in the 
proof of 2.2, we get: 
r(B Oa WV)),* = r(Bp) < r,. 
Hence r(B 0, k(V)) < rO, as required. 
PROPOSITION 2.16. Let A be a ring and let !Jl be an admissible prime 
ideal of A. Assume that Gr,(A) is CA4 and r(AV) = r(Gr,,,(A,) = n. Then 
there exists a non-empty open subset % of Y ‘(‘Q) such that for any Q E ?‘/ we 
have: Gr aA&kJ CM and 
r(&) = r(GrnAO (Aa) = n. 
Proof. We put R = Gr,(A). First we note that the natural 
homomorphism fi A/!$ -+ R, being !I? admissible, is flat. Thus all non-zero 
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fiber rings off over the points of Spec(A/v) are CM by 2.2. Moreover, R is 
a quotient of the regular ring A/‘$3[X, ,..., X,], where s is the number of 
generators in a minimal basis of 9. Hence by 2.15 there exists a non-empty 
open subset % of Y(1)) such that: 
r(Gr,(A) @I~,~ k(Q)) < r(Gr,,,(A,)) = n for every prime ideal Q E %‘. 
Moreover, we have the following equalities: 
(for the last equality see 2.9). Then it follows that, if Q E %, 
r(GrgA,,(AQ)) < n. On the other hand, by 2.11 we have r(GrQQ(AQ)) = 
r(GrFDAQ(Ac) and by 1.3 r(GrCIAO (A*)) > r(A*). But r(A9) < r(AQ) by O(iii) 
and finally we get the conclusion. 
The geometric interpretation of the above proposition is the following. 
COROLLARY 2.17. Let V be an algebraic variety and let W be a closed, 
reduced, irreducible subvariety of V with generic point y. Assume N,, CM 
and r(y) = r( Tv,y)n. Then there exists a non-empty open subset % of W such 
that TV., is CM and 
r(x) = r(T,,,) = n for every point x in Z!. 
Proof. It suffices to note that y is admissible by [9, Chap. II, corollary 
following Theorem 11. 
3. THE EQUALITY r(x)= r(T,,,) 
Let (A, W, k) be a local ring and let R = Gr,(A) be the form ring of A 
with respect o !JJI. Since we have proved in Section 1 the inequality r(A) < 
r(R), now we put the natural question to find conditions in order that the 
equality holds. Proposition 3.3 constitutes a first answer in this way. 
Proposition 3.7 represents a generalization of the above situation (R = 
Gr,(A), ‘$3 an admissible prime ideal of A); its proof is founded principally 
on the “equimultiplicity criterion” of Hironaka (see 3.5). Finally 3.5 and 3.8 
explain the geometrical meaning of the above results. 
With the previous notations, we recall some definitions. We denote by 
e(A) or e(YJI) the multiplicity of A or of its maximal ideal !UI and by e(‘%) the 
multiplicity of the ideal ‘?I of A, as usually defined (see, for example, [23, II, 
Chap. VIII]); &?.I) the number of generators in a minimal basis of U and 
emdim =,u(!IR) the embedding dimension of A; e(R) the multiplicity or 
order of R, that is, the leading coefficient of the Hilbert polynomial of the 
graded ring R “less that its factor l/d!,” where d is its degree; emdim( the 
embedding dimension of R, that is, [R, : R,]. 
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The next well-known lemma will be useful in the present Section: 
LEMMA 3.1. (a) emdim = emdim = emdim@,+), 
(b) e(A)=@)=@,+), gdimA > 1. 
Proof. Assertion (a) follows from the k-isomorphism on the addends of 
the rings Gr,(A) N GrR+Rn+(R +). 
For assertion (b) it suffices to compare the respective Hilbert polynomials. 
Now let A be a local one-dimensional CM ring and let A be “the first 
neighbourhood ring of A,” as defined by Northcott (see [ 161) and %I-’ “the 
inverse of W,” so defined !IV’ = {x E Q(A), x9JI G A } (Q(A) = the full ring 
of quotients of A). 
We have A G W ’ C_ A c A, where x is the integral closure of A in Q(A). 
We put p = 1 (A/A). Then we have e(A) = l(A/A!.UI) (see [ 13, Theorem 12.41 
and r(A) = 1(93-‘/A) [S, proof of Theorem 1.461. 
The next lemma due to Matlis gives an interesting connection among the 
numbers p, v(A) = Y, e(A), emdim( 
LEMMA 3.2 (Matlis). Let (A, 1112, k) be a one-dimensional local, non- 
regular, CM ring. The following statements are equivalent: 
(1) p=e(W)- 1; 
(2) P = r(A); 
(3) e(m) =PW); 
(4) n =!JJ-‘; 
(5) ib(n> = (r+ lb - r, n > 1 (where p,(n) = 1 (A/YJV)). 
Proof. For the equivalence among conditions (l), (3), (4), (5) see [ 13, 
Theorem 12.151. Then we have: 
l(W-‘/A) = 1(/i/A) - l(A/!JJ-‘) 
and therefore the equivalence between conditions (2) and (4) is proved. 
PROPOSITION 3.3. Let (A, 9.X, k) be a d-dimensional local non-regular 
CA4 ring (d > 1) and let R = Gr,(A) be its form ring relative to 9X. If 
p(9JI) = e(!JR) + d - 1, then r(A) = r(R) = e(A) - 1. 
ProoJ: Passing to the local ring A’ = A[Xj,,,, with maximal ideal W’ = 
9Ji [Xl A P&,x, 9 we may assume that k is an infinite field. In fact (A’, ‘W, k) 
is a d-dimensional local non-regular CM ring, which satisfies our hypothesis, 
since Gr,(A) ‘Y Grm,(A’) and the equality r(A) = r(A’) holds [ 14, Lemma 21. 
We divide the proof in two sections. 
Case (1). Suppose d = 1. The equality r(A) = e(A) - 1 follows from 3.2. 
By [ 17, Theorem 21, since ~(!JJI) = e(9lI) + d - 1, R is CM. Furthermore we 
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observe that the local ring R,+ satisfies our hypothesis by 3.1 and r(R) = 
r(R, +) by O(iv). So we also have r(R) = e(A) - 1. 
Case (2). Suppose d > 1. Since @Ui’) = e(‘9.Q) +d - 1, by [ 17, 
Theorem I] there exists a system of parameters x1,..., xd in !Dl such that 
!a* = (x, )...) xd)YJl. If we denote by 3 the one-dimensional local non-regular 
CM ring A/(x ,,..., xd-r) and by n = !UI/(x, ,..., xd-r) its maxima1 ideal, we 
have by O(ii) and by case (1) the following equalities: r(A) = r(X) = 
r(GrE A) = e(m) - 1. By [ 171 XT,..., x:, are homogeneous elements of 
degree one which form a regular sequence in R and so (XT,..., x,*-,) = 
tx , ,..., xd- ,)* [20, Proposition 2.11. Now Gr&@ = R/(x? ,..., x$), then by 
12, Proposition 21 we have e(a) = e(w). Hence the conclusion follows from 
O(vi). 
COROLLARY 3.4 (see [ 181). With the same hypothesis of 3.3, if A is 
Gorenstein then R is Gorenstein and e(A) = e(R) = 2. 
Remark 3.5. By (6, Theorem l] if (A, 9Jl, k) is a reduced one- 
dimensional ocal ring with a finite normalization (as an A-module), then A 
is semi-normal iff &,(A) is reduced and the equivalent conditions of 3.2 
hold. Therefore if C is a seminormal curve of the n-dimensional afftne space 
over a field k, and T,,, is the tangent cone at a singular point x of C, by 3.3 
we have: r(pc,J = r(T,,.) = e(Fcq,) - 1. 
THEOREM 3.6 (Hironaka) [9]. Let (A, I1R, k) be a local ring, ‘p an 
admissible prime ideal of A. Then e(A) = e(A,). 
The next theorem gives an extension of 3.3 which is also an application of 
2.11. 
LEMMA 3.7. Let (A, mm, k) be a d-dimensional ocal CM ring, Fp an 
admissible prime ideal of A of height r. Then ,u(!JJ) = e(A,) + r - I, iff 
,a(!JJl) = e(A) + d - 1. 
Proof: Comparing the addends of degree one in the isomorphism of k- 
graded algebras 2.8, we obtain by a simple calculation p(m) = 
dim,(r)/cPW) + dim A/!& But dim A/V = d - r and ,I,@) = dim,(!J3/‘QYJl). 
Thus the assertion follows immediately by 3.6. 
THEOREM 3.8. Let (A, IDZ, k) be a d-dimensional local, non regular, CM 
ring (d > l), 1, an admissible prime ideal of A of height r (r > 1). If p(V) = 
e(All) + r - 1, then the following equalities hold: 
r(A) = r(A%) = r(Gr,,,(A,)) = r(Gr&A)) = r(Gr,(A)) = e(A) - 1. 
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Proof We note that, being A CM, e(A) = 1 iff A is regular (see, for 
example, [8, 1.21(b)]. Then by 3.6 we have the following equivalences: 
A, regular e e(Ag) = 1 e e(A) = 1 *A regular. 
And ,@!I) =p($AII). Then A, is an r-dimensional ocal, non-regular, CM 
ring. Hence, by 3.3, we have r(A,) = r(GrgAe(Alo)) = e(A) - 1. But r(A,) < 
r(A) and r(A) < e(A) - 1 [8, 1.21(b)]. Thus r(A) = e(A) - 1. Finally, by 3.7, 
3.3, 2.11 we conclude the proof. 
COROLLARY 3.9. Let V be an algebraic variety, W a closed reduced and 
irreducible subvan’ety of V with generic point y, singular for V. Assume that 
emdim = e(B) + dim B - 1, where B = $, y. Then 
(i) If x is a CM admissible point of W, we have the following 
equalities: 
44 = r(y) = r(~v,y) = rV,,J = r(~YIW.x) = e(B) - 1. 
(ii) If y is CA4 there is a non-empty open set 22 c W such that every 
x E 2! verifies (i). 
Proof Let A = @“,, and let FQ be the prime ideal of A corresponding to 
W, so that B = A,. Since Cp/Cp’ is an A/‘&-free module of rank p(q), we have 
that ,$!I) = emdim( hence (i) follows from 3.8. 
To prove (ii), take for P an open neighbourhood of y consisting of CM 
points and such that W is admissible at each x E P’ n V = P. Then apply 
(i). 
ACKNOWLEDGMENT 
We wish to thank S. Greco for the useful conversations related to this paper. 
REFERENCES 
1. Y. AOYAMA AND S. GOTO, On the type of graded Cohen-Macaulay rings, J. Math. Kyoto 
Univ. 15, No. 1 (1975). 
2. R. BARATTERO, Sul polinomio di Hilbert di un module graduato, Rend. Sm. Mat. Unir. 
PQdOVQ 50 (1973). 
3. R. BARATTERO, Alcune caratterizzazioni degli anelli H-Macaulay ed N-Gorenstein. 
Matematiche (Catania) 29, 2 (1974). 
4. H. BASS, Injective dimension in noetherian rings, Trans. Amer. Math. Sot. 102 (1962). 
18-29. 
5. B. M. BENNETT, Normally flat deformations, Trans. Amer. Mafh. Sot. 225 (1977). l-57. 
6. E. D. DAVIS, On the geometric interpretation of seminormality, Proc. Amer. Math. Sot. 
68. I (1978), 233. 
THE TYPE OF A VARIETY AND ITS TANGENT CONE 399 
7. M. HERMANN, R. SCHMIDT, AND W. VOGEL, “Theorie der normalen Flachheit,” Teubner 
Texte zur Mathematik Leipzig, 1977. 
8. J. HERZ~G AND E. KUNZ, Der Kanonische Modul eines Cohen-Macaulay Rings, Lecture 
Notes in Mathematics No. 238, Springer-Verlag, Berlin/New York/Heidelberg, 1971. 
9. H. HIRONAKA, Resolution of singularities of an algebraic variety over a field of charac- 
teristic zero, Ann. of Math. 79 (1964), 109-326. 
10. M. HOCHSTER AND L. J. RATUFF, Five theorems on Macaulay rings, Pact@ J. Math. 44 
(1973), 147-172. 
11. M. G. MARINARI AND G. NIESI, Sull’apertura dell%Macaulay locus, to appear. 
12. J. MATIJEVIC AND P. ROBERTS, A conjecture of Nagata on graded Cohen-Macaulay 
rings, J. Math. Kyoto Univ. 14, 1 (1974), 125-128. 
13. E. MATLIS, “One-Dimensional Cohen-Macaulay Rings,” Lecture Notes in Mathematics 
No. 327, Springer-Verlag, Berlin/New York/Heidelberg, 1973. 
14. T. MATSUOKA, Some remarks on a certain transformation of Macaulay rings, .I. Math. 
Kyoto Univ. 11, 2 (1971), 301-309. 
15. H. MATSUMURA, “Commutative Algebra,” Benjamin, New York, 1970. 
16. D. G. NORTHCOTT, On the notion of a first neighbourhood ring, Proc. Cambridge Philos. 
Sot. 53 (1957), 43-56. 
17. D. SALLY, On the associated graded ring of a local Cohen-Macaulay ring, J. Math. Kyoto 
Univ. 17, 1 (1977), 19-21. 
18. D. SALLY, Tangent cones at Gorenstein singularities, to appear. 
19. R. Y. SHARP, Acceptable rings and homomorphic images of Gorenstein rings, J. Algebra 
44 (1977), 246261. 
20. P. VALABREGA AND G. VALLA, Form rings and regular sequences, Nagoya Math. J. 72 
(1978). 
21. G. VALLA, On form rings which are Cohen-Macaulay, to appear. 
22. K. WATANABE, T. ISHIKAWA, S. TACHIBANA, AND K. OTSUKA, On tensor products 
Gorenstein rings, J. Math. Kyoto Univ. 9, 3 (1969), 413-423. 
23. 0. ZARISKI AND P. SAMUEL, “Commutative Algebra,” Vol. 2, Van Nostrand, Princeton, 
New Jersey, 1960. 
